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We present a detailed analysis of the effects of photon statistics on multi-photon ionization.
Through a detailed study of the role of intermediate states, we evaluate the conditions under which
the premise of non-resonant processes is valid. The limitations of its validity are manifested in
the dependence of the process on the stochastic properties of the radiation and found to be quite
sensitive to the intensity. The results are quantified through detailed calculations for coherent,
chaotic and squeezed vacuum radiation. Their significance in the context of recent developments in
radiation sources such as the short wavelength Free Electron Laser and squeezed vacuum radiation
are also discussed.
PACS numbers: 32.80.Rm, 42.50.Ar
I. INTRODUCTION
It has been known since the late 60s that any non-
linear interaction of radiation with electrons depends on
the quantum statistical properties of the radiation [1–
15]. In particular, a transition from a bound state to
a continuum, such as ionization, offers the simplest and
most directly observable process, in which intensity cor-
relation functions of the radiation are involved. A stan-
dard derivation of the transition probability per unit time
(rate) for N-photon ionization, leads to a rate propor-
tional to some effective N-photon matrix element mul-
tiplied by the Nth order intensity correlation function.
However, any N-photon transition from the ground state
to the continuum inevitably involves transition ampli-
tudes through virtual or real bound atomic intermediate
states. Strictly speaking, the above statement on the de-
pendence of the process on the N th-order intensity corre-
lation function is valid, as long as the intermediate states
can be assumed to be sufficiently far from resonance, so
that they can be eliminated adiabatically, which leads to
the effective N-photon matrix element.
To make further discussion more concrete, we consider
for the moment 2-photon ionization, whose rate would
be proportional to the 2nd order intensity correlation
function. The transition amplitude for the first photon
involves all non-vanishing matrix elements between the
ground and excited states. A closely related problem,
namely the strong driving between two bound states, by
stochastic radiation, represents a very fascinating prob-
lem, which cannot be treated in terms of a single tran-
sition probability per unit time. That problem has re-
ceived considerable attention in the past [16, 17] and can
be considered, for all practical purposes, solved. In what
follows, we will be concerned with non-resonant 2-photon
ionization. We shall assume that the chosen photon fre-
quency is far from resonance with the nearest allowable
intermediate state; an assumption to be qualified later
∗ gmouloudakis@physics.uoc.gr
on. More precisely, we assume that the laser bandwidth
is much smaller than the detuning from the nearest state.
Taking this formally to a limiting case, we shall cast this
discussion in terms of a monochromatic source, which
implies zero bandwidth.
For the sake of simplicity, which does not entail a sig-
nificant limitation of generality, we stay with the assump-
tion that initially the electron is in the ground state. The
2-photon transition amplitude involves a summation over
the complete manifold of intermediate states connected
to the ground state with non-vanishing matrix elements.
In the limit of small intensity, the transition probabil-
ity per unit time is indeed proportional to the 2nd order
intensity correlation function multiplied by an effective
2-photon matrix element in which all intermediate states
are the bare atomic states [8]. To the extent that the
above condition is satisfied, the rate of ionization is sim-
ply proportional to the 2nd order intensity correlation
function, which for a chaotic state is larger by a factor of
2 from that for a coherent state. For an N-photon pro-
cess, the ratio is N!, which hereafter shall be referred to
as the chaotic state enhancement. It bears emphasizing
at this point that the above analysis is valid only within
perturbation theory, in the form of Fermi’s golden rule,
describing the 2-photon transition in terms of a single
rate from the ground state to the continuum. Modifi-
cations to that simple case are discussed in the sections
that follow.
However, for 2-photon ionization (or any non-linear
process for that matter) to be observable, the laser in-
tensity cannot be too low. As a consequence, even if the
photon frequency is sufficiently far from resonance with
the nearest intermediate state, as the intensity rises, the
Rabi frequency connecting that state to the ground state
may reach a value for which the non-resonant condition
is no longer valid; which will occur when the Rabi fre-
quency becomes comparable to the detuning from that
state. Obviously, this implies that the validity of the
non-resonant condition, which is the basis for the adi-
abatic elimination of the intermediate states, is not in-
dependent of the intensity. When that condition is vio-
lated, the simple dependence of the process on the 2nd
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2order correlation function becomes at best questionable.
It becomes therefore necessary to examine the possible
modification of the role of photon statistics as a function
of the intensity.
One can explore the issue starting from the other end,
by considering 2-photon ionization in the presence of one
or even two nearby intermediate resonances, which has in
fact been addressed quite some time ago [18–22] . As one
might have expected, the simple proportionality of the
rate to the 2nd order intensity correlation function was
found to be modified significantly. Further richness was
found in the vicinity of two neighbouring intermediate
states. Aiming at the generalization of that exploration
by including a squeezed state, we consider 2-photon and
3-photon ionization as a function of intensity, at various
detunings from the intermediate resonances. We focus in
particular on the role of photon correlations as the Rabi
frequency becomes comparable to the detuning.
The initial motivation for this work seemed academic,
aiming at the calibration of the possibility of using non-
linear photoabsorption to obtain information on the pho-
ton statistics of squeezed light sources and its role on
non-linear photoabsorption [23–30]. This led us to the
reexamination of that issue in the context of standard
sources, such as coherent and chaotic, in the process of
which we realized that certain assumptions, taken until
now for granted, are highly questionable. As discussed
in detail later on, it turns out that, in practical terms,
the notion of non-resonant few-photon ionization is an
abstraction difficult, if possible at all, to implement in
an experiment. This may explain why, over the last forty
years or so, there are hardly any definitive experimental
data exhibiting the chaotic field enhancement, even in
the simple case of 2-photon ionization. In the few exist-
ing experimental data, the observed enhancement factor
for chaotic light has in most cases been less than the ex-
pected factor of 2 [9–12]. The relevance of this work to
present day possibilities, as far as squeezed radiation is
concerned, has been underscored by very recent experi-
mental results on the effect of squeezed light on harmonic
generation [31]; albeit at quite low intensities, a limita-
tion which may be lifted in the future.
The theoretical problem can be cast in terms of the
time-dependent wavefunction or the density matrix. If
the quantity we need is the rate (transition probability
per unit time), depending on the values of the parame-
ters, the time-dependent wavefunction may exhibit rapid
oscillations. Although they can be eliminated, through
suitable approximations, their meaning tends to be some-
what opaque, even with extensive discussion [18]. The
density matrix on the other hand lends itself to the
derivation of rate equations which are free of such oscilla-
tions, although their validity may become questionable,
for certain values of parameters that will be discussed in
detail. For the sake of completeness, both of these two
mutually complementary approaches are explored in this
work.
II. GENERAL THEORETICAL BACKGROUND
A. Multi-photon ionization rate
Consider an atom in its ground state |g〉, coupled to
a monochromatic radiation field. Assume that upon the
absorption of N photons of frequency ω the atom is ion-
ized ejecting one electron. Denoting the final continuum
state by |f〉 and all the intermediate states by |ai〉, the
transition probability per unit time describing the N-
photon ionization of the atom has been shown to be of
the form [8]
W
(N)
fg = σˆNGN (1)
where σˆN is a generalized cross section given by
σˆN =
(2piα)
N
4pi2
mK
~
ωN
∫ ∣∣∣M(N)fg ∣∣∣2dΩK (2)
and GN the N
th-order intensity correlation function,
which contains information about the coherence prop-
erties of the radiation field [23]. By α we denote the
hyperfine constant, m is the mass of the outgoing elec-
tron and K its wavevector. The generalized cross section
is given by integration of the differential generalized cross
section dσˆNdΩK over all possible directions ΩK of the outgo-
ing electron. As discussed in the sections that follow, this
expression for the transition probability per unit time is
valid only in the off-resonance weak field limit, where
the effect of the intermediate states on the transition is
negligible, in the sense that they acquire no population
during the process. If this condition is not satisfied, then
the process is not describable in terms of a single rate as
in eqn.(1) and a time-dependent approach is necessary.
The matrix elements M
(N)
fg contain all of the information
about the atomic structure and are defined via
M
(N)
fg =
∑
aN−1...a1
〈f | r(λ) |aN−1〉 · · · 〈a1| r(λ) |g〉
(ωaN−1 − ωg − (N − 1)ω) · · · (ωa1 − ωg − ω)
(3)
where r(λ) is the projection of r on the polarization vector
of the field and r the position operator of the electron.
B. Density Matrix Formalism
As will become apparent in the course of the treatment,
we do at some point need the density matrix formulation.
Its general advantages are that it can account for the
repopulation of lower states due to spontaneous decay, as
well as allowing for the derivation of rate equations which
often are quite convenient. If we call ρ˜(t) the density
operator of the compound system (Atom + Radiation
Field) in the interaction picture, its equation of motion
is given by:
∂
∂t
ρ˜(t) = − i
~
[V˜ (t), ρ˜(t)] (4)
3where
V˜ (t) = e
i
~H
0tV e−
i
~H
0t (5)
and V the atom-radiation interaction which can be time-
dependent in general. H0 is the unperturbed Hamil-
tonian of the system and is expressed as the sum of
the atomic and the radiation Hamiltonian, i.e. HA and
HR, respectively. The density operator of our system
ρ˜S ≡ TrR(ρ˜) is obtained via ”tracing out” the degrees
of freedom of the reservoir (radiation field) to which is
coupled, leading to spontaneous decay. The equation of
motion of the ρ˜S operator is known as the Master Equa-
tion.
In the case of a two-level atom coupled in addition to
an externally imposed radiation field, it can be shown
that the Master Equation (to compress notation we have
dropped the superscript S) is
∂
∂t
ρ˜ = − i
~
[
V˜ AF , ρ˜
]
+L ρ˜ (6)
where
L ≡ (2σ−ρ˜σ+ − σ+σ−ρ˜− ρ˜σ+σ−) (7)
If we denote the ground state by |g〉 and the excited state
by |e〉, the raising and lowering operators σ+ and σ− are
defined via σ+ ≡ |e〉 〈g| and σ− ≡ |g〉 〈e|, respectively.
By introducing an electric field of the form E(t) =
Ee−iωt+c.c., the interaction Hamiltonian in the rotating-
wave approximation can be written as:
V˜ AF = −~[σ+Ωe−i∆t + σ−Ω∗ei∆t] (8)
where ∆ ≡ ω − ωeg, the detuning from resonance and
Ω = ℘egE/~ the Rabi frequency of the field, expressed
as the product of the dipole operator matrix element and
the field amplitude, divided by ~.
If we denote by γ the spontaneous decay of the upper
state, then by taking matrix elements of eqn. (6) in the
base that diagonalizes HA, we get the following set of
equations [18]:
∂
∂t
ρ˜gg = γρ˜ee + i(ρ˜egΩ
∗ei∆t − ρ˜geΩe−i∆t) (9)
∂
∂t
ρ˜ee = −γρ˜ee + i(ρ˜geΩe−i∆t − ρ˜egΩ∗ei∆t) (10)
∂
∂t
ρ˜eg = −γegρ˜eg + i(ρ˜ggΩe−i∆t − ρ˜eeΩe−i∆t) (11)
where γeg =
γ
2 + 2γph is the coherence relaxation rate
which in general includes the spontaneous decay and all
the decays due to other relaxation mechanisms such as
collisions, field phase fluctuations, etc.
It is often convenient to solve the equations in a frame
rotating with the frequency of the external field. This
implies the transformation ρ˜gg = ρgg, ρ˜ee = ρee and
ρ˜eg = ρege
−i∆t, yielding:
∂
∂t
ρgg = γρee + i(Ω
∗ρeg − ρgeΩ) (12)
∂
∂t
ρee = −γρee + i(Ωρge − ρegΩ∗) (13)
∂
∂t
ρeg = (i∆− γeg)ρeg − iΩ(ρee − ρgg) (14)
Formal integration of equation (14) leads to
ρeg(t) = −iΩ
∫ t
0
e(i∆−γeg)(t−t
′)D(t′)dt′ (15)
in which D(t′) is the population inversion, defined via
D(t′) ≡ ρee(t′) − ρgg(t′). If D(t′) does not change sig-
nificantly for times t > γ−1eg , then we can approximately
replace D(t′) by D(t). Now the integral can be calcu-
lated, yielding:
ρeg(t) =
ΩD(t)
∆ + iγeg
(16)
This approximation is valid in the weak field limit and
is widely used for transforming equations (12) and (13)
to a set of a differential rate equations:
∂
∂t
ρgg = γρee +RD (17)
∂
∂t
ρee = − ∂
∂t
ρgg = −γρee −RD (18)
where
R =
2γeg|Ω|2
∆2 + γ2eg
(19)
represents the rate of the transition. As discussed in
section III, the above equations can be modified so as to
account in addition for the ionization of the upper state.
C. Photon Probability Distributions
The statistical properties of the radiation, embodied
in its correlation functions, depend on the physical pro-
cesses that occur within its source [23, 24]. The statis-
tical nature of such processes are reflected in the pho-
ton probability distributions that express the probability
of finding n photons at a given intensity (mean photon
number). In this subsection we outline the basic features
of three types of electromagnetic field states that can
be generated experimentally by means of modern light
sources.
41. Coherent State
A coherent state is the eigenstate of the annihilation
operator aˆ, therefore by definition it satisfies the equation
aˆ |a〉 = a |a〉 (20)
Expanding a coherent state in the orthonormal set of
eigenstates of the number operator (Fock states), we get:
|a〉 = e− 12 |a|2
∞∑
n=0
an√
n!
|n〉 (21)
The probability of finding n photons in the field is
Pcoh(n) = |〈n | a〉|2 = e−|a|2 |a|
2n
n!
(22)
The average photon number is given by n¯ =
∞∑
n=0
nPcoh(n) = |a|2, in terms of which the photon prob-
ability distribution assumes the form
Pcoh(n) = e
−n¯ n¯
n
n!
(23)
2. Chaotic State
A chaotic state, as a statistical mixture of different
states, is only describable in terms of the density opera-
tor, given by
ρ =
e−Hˆ/kBT
Tr[e−Hˆ/kBT ]
(24)
where T is the temperature of the black body source
emitting the radiation. In principle, a black body emits
radiation over the whole spectrum, according to Planck’s
Law. If we are concerned about the statistics of a single
mode in that state, the density operator is given by
ρ =
e−~ωa
†a/kBT
Tr(e−~ωa†a/kBT )
(25)
Therefore the probability of finding n photons is
PChao(n) = Tr(ρ |n〉 〈n|) = Tr(ρnn) =
e−~ωn/kBT
∞∑
n=0
e−~ωn/kBT
= e−~ωn/kBT (1− e−~ω/kBT ) (26)
Since the mean number of photons is n¯ =
∞∑
n=0
nPChao(n) =
1
e~ω/kBT−1 we can express the photon
probability distribution of a chaotic state in terms of n¯
as
Pchao(n) =
1
1 + n¯
(
n¯
1 + n¯
)n =
n¯n
(1 + n¯)
n+1 (27)
3. Squeezed Vacuum State
Since the properties of squeezed radiation are not as
commonly found in the literature, in this subsection we
provide a somewhat extended summary of its properties.
A squeezed state is a state with phase-sensitive quan-
tum fluctuations, which at certain phase angles are less
than those of a coherent or the vacuum field. Squeezed
states of radiation field are generated in nonlinear pro-
cesses in which an electromagnetic field drives a nonlinear
medium. In such a medium, pairs of correlated photons
of the same frequency are generated. In the interaction
picture, this process can be described by the effective
Hamiltonian [32–34]
HˆI = ε(αˆ
†)2 + ε∗αˆ2 (28)
This Hamiltonian describes how a pump field is down-
converted to its sub-harmonics at half the driving fre-
quency, with the parameter ε containing the amplitude
of the driving field and the second-order susceptibility
for the down-conversion. Since the total Hamiltonian
is time-independent, the time evolution operator (also
called squeeze operator) is
Uˆ(t) = exp(− iHˆt
~
) = exp(ξ
(αˆ†)2
2
− ξ∗ αˆ
2
2
) ≡ S(ξ) (29)
where ξ = − iεt~ is the so-called squeezing parameter,
which can also be written as ξ = r exp(iϕ). The squeez-
ing parameter characterizes the degree of squeezing and
depends on the amplitude of the driving field and the in-
teraction time, i.e. the time that takes for light to travel
via the non-linear medium.
The action of the squeeze operator on the vacuum state
|0〉, results the so-called squeezed vacuum state denoted
by
|ξ〉 ≡ S(ξ) |0〉 (30)
In order to obtain the photon number probability distri-
bution of the squeezed vacuum state [32–34], we decom-
pose |ξ〉 in the Fock basis,
|ξ〉 =
∞∑
n=0
Cn |n〉 (31)
and seek an expression for the relevant coefficients. Start-
ing with the vacuum state, which satisfies the relation
aˆ |0〉 = 0 (32)
we multiply by Sˆ(ξ) from the left and use the fact that
Sˆ(ξ) is unitary, to obtain
Sˆ(ξ)aˆSˆ†(ξ)Sˆ(ξ) |0〉 = 0⇔ Sˆ(ξ)aˆSˆ†(ξ) |ξ〉 = 0 (33)
By the definition of ξ we find that
Sˆ(ξ)aˆSˆ†(ξ) = aˆ cosh r + eiθaˆ† sinh r (34)
5In view of eqn.(34), eqn.(33) becomes:
(aˆ cosh r + aˆ†eiθ sinh r) |ξ〉 = 0 (35)
By substituting eqn.(31) in eqn.(35), we obtain a recur-
sion relation for the coefficients Cn:
Cn+1 = −eiθ tanh r( n
n+ 1
)1/2Cn−1 (36)
whose solution is
C2n = (−1)n(eiθ tanh r)n
[
(2n− 1)!!
(2n)!!
]1/2
C0 (37)
If we demand from C2n to satisfy the normalization con-
dition
∞∑
n=0
|C2n|2 = 1, we obtain
|C0|2
(
1 +
∞∑
n=0
[tanhr]
2n
(2n− 1)!!
(2n)!!
)
= 1 (38)
Using the identity
1 +
∞∑
n=0
zn
(
(2n− 1)!!
(2n)!!
)
= (1− z)−1/2 (39)
eqn.(38) reduces to C0 =
√
cosh r. Finally, in view of the
following two identities
(2n)!! = 2nn! (40)
(2n− 1)!! = 1
2n
(2n)!
n!
(41)
one obtains the final expression for the coefficients
C2n = (−1)n
√
(2n)!
2nn!
(eiθ tanh r)
n
√
cosh r
(42)
Substitution of eqn.(42) back to eqn.(31), gives the de-
composition of the squeezed vacuum state in the Fock
basis:
|ξ〉 = 1√
cosh r
∞∑
n=0
(−1)n
√
(2n)!
2nn!
einθ(tanh r)
n |2n〉 (43)
The probability of detecting 2n photons in the field is
P2n = |〈2n | ξ〉|2 = (2n)!
22n(n!)
2
(tanh r)
2n
cosh r
(44)
and the probability of the detection of 2n+1 photons, is
P2n+1 = |〈2n+ 1 | ξ〉|2 = 0 (45)
Equations (44) and (45) indicate that the photon proba-
bility distribution of a squeezed vacuum state is oscilla-
tory, with the probability for all odd photon numbers to
be zero. The probability can also be expressed in terms
of the mean photon number n¯ =
∞∑
n=0
P2n(2n) =sinh
2r,
as:
P2n =
1√
1 + n¯
(2n)!
(n!)
2
22n
(
n¯
1 + n¯
)n
(46)
III. PHOTON CORRELATION EFFECTS IN
NEAR-RESONANT TWO-PHOTON IONIZATION
In this section, we present a self-contained formula-
tion and discussion of the effect of photon statistics on
2-photon ionization, with emphasis on the near-resonant
process. It is useful to solve the problem assuming that
the field is initially prepared in a number state and then
use the photon probability distributions derived in the
previous section, to obtain results for the cases of coher-
ent, chaotic or squeezed vacuum radiation. For reasons
discussed in the introduction, we have approached the
problem through two different formulations; specifically,
the resolvent operator, as well as the density matrix.
A. Resolvent Operator Formalism
Consider the atom initially in its ground state |g〉, in
the presence of an external field prepared in a Fock state
|n〉. The initial state of the compound system (atom +
field) is |I〉 = |g〉 |n〉. The initial atomic state is con-
nected to an intermediate atomic state |a〉 via a single-
photon electric dipole transition of frequency ω, which
brings the compound system to the intermediate state
|A〉 = |a〉 |n− 1〉. The absorption of a second photon
takes the atom to the final state |f〉 which belongs to con-
tinuum. Therefore the final state of the compound sys-
tem is |F 〉 = |f〉 |n− 2〉. The energies of the above three
system states are ωI = ωg +nω, ωA = ωa + (n− 1)ω and
ωF = ωf + (n− 2)ω. Note that all energies are measured
in units of frequency, since all Hamiltonians are assumed
divided by ~. The detuning from the intermediate reso-
nance is ∆ = ω−ωag = ω− (ωa−ωg). The Hamiltonian
H of the system is the sum of the unperturbed Hamilto-
nian H0 and the field-atom interaction Hamiltonian V .
The wavefunction of the system at times t > 0, is given
by |Ψ(t)〉 = U(t) |I〉, where U(t) is the time evolution
operator.


g


f
FIG. 1. Ionization via two single-photon electric dipole tran-
sitions
6In order to obtain the probability of ionization as a
function of the time t, we need the equations of motion
of the matrix elements UII and UAI or UFI of the time
evolution operator, in terms of which the ionization prob-
ability is expressed as
Pion(t) =
∫
dωF |UFI(t)|2 = 1− |UAI(t)|2 − |UII(t)|2
(47)
This equation, based on the conservation of proba-
bility, simply states that what is missing from the two
bound states is in the continuum. The time evolution of
these matrix elements can be obtained analytically with
the help of the resolvent operator G(z) ≡ (z−H)−1. The
procedure involves finding of the equations that govern
the time evolution of the matrix elements GII , GAI and
GFI of the resolvent operator and relating them with the
respective time evolution operator matrix elements via
Uij(t) = − 1
2pii
∫ +∞
−∞
e−ixtGij(x+)dx (48)
where x+ = x+ iη, with η → 0+.
The mathematical details of this procedure are pre-
sented in the Appendix.
The matrix element 2VAI reflects the Rabi frequency
of the |g〉 ↔ |a〉 transition:
Ω = 2VAI (49)
while VFA is related to the rate of ionization of the in-
termediate state ΓA as [24]:
ΓA = 2pi|VFA|2 (50)
Note that for equation (47) to represent the probabil-
ity of ionization, the spontaneous decay of the intermedi-
ate state has to be negligible compared to the ionization
width. Since we are working in the number state rep-
resentation, we can express the Rabi frequency and the
ionization rate in terms of the number of photons of the
states |I〉 and |A〉 as
Ω = µ
√
n (51)
Γa = σ(n− 1) (52)
where µ the single-photon dipole matrix element of the
|g〉 ↔ |a〉 transition and σ the cross section associated
with the ionization of |a〉.
To account for the effects of photon statistics, we aver-
age the ionization probability over the photon probabil-
ity distributions of a coherent, a chaotic and a squeezed
vacuum state:
Pcoh(t) =
∞∑
n=2
Pcoh (n, 〈n〉)Pion(t, n) (53)
Pchao(t) =
∞∑
n=2
Pchao (n, 〈n〉)Pion(t, n) (54)
PSqV ac(t) =
∞∑
n=1
PSqV ac (2n, 〈n〉)Pion(t, 2n) (55)
Notice that in eqns. (49) and (50) the summation begins
from n=2, since it is the lowest number of photons nec-
essary for the process to be completed. In eqn. (51) the
summation begins from n=1, since the argument of the
squeezed vacuum distribution is 2n.
We are interested in the behaviour of the ratios
Pchao(T )/Pcoh(T ) and PSqV ac(T )/Pcoh(T ) as a func-
tion of the mean photon number for various detunings,
where T is a time sufficiently larger than the time it takes
for the atom to get ionized. The results are presented and
discussed in section V.
B. Density Matrix Formalism
We follow the procedure developed in chapter II, using
the same density matrix equations but modified properly
to account for the ionization of state |a〉. This is accom-
plished through the introduction of an ionization rate
Γion that describe the transfer of population from state
|a〉 to the continuum. If we neglect the spontaneous decay
of the excited state, as it usually is negligible compared
to the ionization rate, the density matrix rate equations
after applying the approximation discussed in section II,
are
∂
∂t
ρgg(t) = R[ρaa(t)− ρgg(t)] (56)
∂
∂t
ρaa(t) = −Γionρaa(t)−R[ρaa(t)− ρgg(t)] (57)
where
R =
Γion|Ω|2
∆2 + Γion
2
4
(58)
is the rate of the process. Note that since we neglected
the spontaneous decay of the excited state and have no
additional relaxation mechanism, the off-diagonal relax-
ation rate is γαg =
Γ
2 .
In view of equations (51) and (52), that relate the Rabi
frequency and the ionization width to the number of pho-
tons, the rate is expressed in terms of the photon number
n, as
R =
σµ2n(n− 1)
∆2 + σ
2
4 (n− 1)2
≡W (n) (59)
Again, we obtain the effects of photon correlations, after
averaging equation (59) over the photon probability dis-
tributions of a coherent, a chaotic and a squeezed vacuum
state, as described in the previous subsection.
7IV. PHOTON CORRELATION EFFECTS IN
NEAR-RESONANT THREE-PHOTON
IONIZATION
In this section, we explore the photon statistics effects
on 3-photon near-resonant ionization. The problem is
cast in both the resolvent operator and density matrix
formalisms.
A. Resolvent Operator Formalism
Using the same notation introduced in the previous
section, we denote the states of the compound system
(atom + radiation field) as |I〉 = |g〉 |n〉, |A〉 = |a〉 |n− 1〉,
|B〉 = |b〉 |n− 2〉, |F 〉 = |f〉 |n− 3〉, where |g〉 the initial
atomic state, |a〉 and |b〉 the two intermediate states, and
|f〉 the final atomic state that belongs to the continuum.
Every state is coupled to its lower one via a single-photon
electric dipole transition in presence of a driving field
with frequency ω. The respective energies of the com-
pound states are ωI = ωg + nω, ωA = ωa + (n − 1)ω,
ωB = ωb + (n− 2)ω and ωF = ωf + (n− 3)ω. We intro-
duce the two detunings from the intermediate resonances
as ∆1 = ω − ωag = ω − ωα + ωg and ∆2 = 2ω − ωbg =
2ω − ωb + ωg.
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FIG. 2. Ionization via three single-photon electric dipole tran-
sitions
We choose the energies of the atomic states and the
driving frequency such that they result to a detuning
∆1 sufficiently larger than the energy difference ωag,
i.e. ∆1  ωag, implying that the first transition is off-
resonant, focusing on the problem for various detunings
from the second resonance. The problem is formulated in
terms of the resolvent operator G(z) ≡ (z−H)−1, where
H the Hamiltonian of the system which is equal to the
sum of the unperturbed Hamiltonian H0 and the atom-
field interaction Hamiltonian V . The equations of motion
of the resolvent operator’s matrix elements are four but
they can be reduced to three after eliminating the contin-
uum as described in the Appendix. The coupling of |b〉
to |f〉 leads to an ionization rate Γb and a shift whose ef-
fect is neglected for sake of simplicity. If the spontaneous
decays of the intermediate states are negligible compared
to this rate, the ionization probability at times t > 0 is
given by
Pion(t) = 1− |UII(t)|2 − |UAI(t)|2 − |UBI(t)|2 (60)
where Uii, i = I, A,B, the matrix elements of the time
evolution operator between the states of the compound
system considered in our problem.
The matrix elements 2VGA ≡ Ω1 and 2VAB ≡ Ω2 re-
flect the Rabi frequencies of the two transitions, while the
ionization rate is equal to Γb = 2pi|VFB |2. Since we are
working in the number state representation we express
the two Rabi frequencies and the ionization rate in terms
of the number of photons of the states |I〉, |A〉 and |B〉,
i.e.
Ω1 = µ1
√
n (61)
Ω2 = µ2
√
n− 1 (62)
Γb = σ(n− 2) (63)
where µ1, µ2 are the single-photon dipole matrix ele-
ments of the transitions |g〉 ↔ |a〉 and |a〉 ↔ |b〉, re-
spectively, while σ is the cross section characterizing the
ionization of state |b〉.
Now we average the ionization probability over the co-
herent, chaotic and squeezed vacuum photon distribu-
tions starting the sums from the least number of pho-
tons needed for the process to occur. Note that in the
squeezed vacuum average the argument of the ionization
probability is 2n and the sum begins from n=2, since the
squeezed vacuum photon probability distribution is zero
for odd number of photons.
Pcoh(t) =
∞∑
n=3
Pcoh (n, 〈n〉)Pion(t, n) (64)
Pchao(t) =
∞∑
n=3
Pchao (n, 〈n〉)Pion(t, n) (65)
PSqV ac(t) =
∞∑
n=2
PSqV ac (2n, 〈n〉)Pion(t, 2n) (66)
In section V we plot the ratios Pchao/Pcoh and
PSqV ac/Pcoh as a function of the mean number of pho-
tons for various detunings from the second resonance, at
times larger than the time it takes for the atom to get
ionized.
8B. Density Matrix Formalism
In this subsection, we use the density matrix formalism
to derive an effective 3-photon rate describing the process
of ionization. Again we choose the frequencies of the
atomic states and the external frequency such that they
result ∆1  ωag. In this case, since the first transition
is off-resonance, the 3 photon process can be realized as
a ”2+1” process where the two photon process is driven
by an effective two-photon Rabi frequency Ωeff . This
allows us to make use of the rate we derived for the two-
photon ionization with the effective Rabi frequency and
the ionization rate given by:
Ωeff = µ
(2)
√
n(n− 1) (67)
Γion = σ(n− 2) (68)
where σ the ionization cross section and µ(2) the effective
two-photon dipole matrix element.
The rate of the ”2+1” process becomes:
R =
Γion|Ωeff |2
∆2 +
Γ2ion
4
=
σ
(
µ(2)
)2
n(n− 1)(n− 2)
∆2 + σ
2(n−2)2
4
≡W (n)
(69)
Since we are working in the number state representa-
tion, the ionization probability in presence of a chaotic or
squeezed vacuum radiation can be derived by summing
over the corresponding distributions in the same manner
as in the previous sections.
V. RESULTS AND DISCUSSION
In this section, we present the main results of our calcu-
lations, with an interpretation of the underlying physics.
Although most of the physics is common to both cases,
we discuss 2- and 3-photon separately. In the plots that
follow we study the ionization yield, as a function of in-
tensity, for different quantum states of the driving field.
For the comparative study that we are interested in, we
plot the ratio of the yield for either chaotic or squeezed
vacuum state to that for a coherent state, in order to as-
sess the modification of the enhancement due to bunch-
ing, as the intensity rises. The respective ionization prob-
abilities are denoted by the self-evident notation Pcoh,
Pchao and PSqVac and the respective transition rates by
Wcoh, Wchao and WSqVac.
A. Two-photon Results and Discussion
In figure 3, we have chosen the dipole matrix element
coupling to the intermediate state and the ionization
cross section so that they result to Rabi frequency equal
to the ionization rate Γ, for small mean photon num-
bers. This picture changes with increasing intensity, be-
cause the Rabi frequency is proportional to the square
root of intensity, while the ionization rate scales linearly
with intensity. Note that in the single-mode approxima-
tion, the mean photon number is approximately related
to the average intensity I via 〈n〉 = (8pi3c2/ω2) (I/∆ω)
[8], where ∆ω is the bandwidth of the source. At low
intensities the ratio Pchao/Pcoh is equal to 2, in agree-
ment with the expected enhancement factor due to the
linear dependence of the ionization on the second order
correlation function, which is 2 for chaotic field. As the
intensity increases, however, we notice a rapid decrease of
the ratio below the value of 2. This decrease from 2 can
be attributed to the fact that, with saturation approach-
ing, the ionization yield begins depending on all higher
order correlation functions and not only on the second-
order one. As a result, we observe a drastic change of the
ratio.
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FIG. 3. Ratio of chaotic over coherent 2-photon ionization
probability as a function of the mean photon number, for
various detunings from the intermediate resonance. The val-
ues of the dipole matrix element and the cross section used
are µ = σ = 0.0003 a.u. Blue Line: ∆/ωα = 0.0001, Red
Line: ∆/ωα = 0.01, Olive Line: ∆/ωα = 0.05, Green Line:
∆/ωα = 0.1. Blue and Red lines coincide.
The different curves in figure 3 correspond to differ-
ent values of the detuning from the intermediate reso-
nance. In the limit of large intensities all curves end
up to unity as expected due to saturation, but the de-
crease of the ratio below the N! factor is faster when
the external frequency is tuned on resonance with the
|a〉 ↔ |g〉 transition; because that is when the validity
of the non-resonant scheme breaks down faster with in-
creasing intensity. It is interesting to note that there
is a rather broad regime of mean photon numbers for
which the ratio drops below unity. Evidently, for that
range of intensities, chaotic radiation is less effective in
two-photon ionization than coherent radiation; a rather
surprising result. Actually, these results are in agree-
ment with those of earlier work by one of the authors,
on saturation in atomic transitions [16, 17], where it was
shown that the initially observed monotonical decrease of
the ratio to unity was due to the assumption of a chaotic
field within the decorrelation approximation (DA). When
9the DA is adopted to the case of an N-photon transition,
it results to equations of motion that contain informa-
tion only about N th-order correlation function. There-
fore for low intensities where the process depends only
on the N th-order correlation function, the DA is valid.
However, for stronger fields the simple proportionality of
the process to the N th-order correlation function breaks
down since higher order correlations functions come into
play, at which point the DA can lead to false predictions.
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FIG. 4. Ratio of squeezed vacuum over coherent 2-photon
ionization probability as a function of the mean photon num-
ber, for various detunings from the intermediate resonance.
The values of the dipole matrix element and the cross section
used are µ = σ = 0.0003 a.u. Blue Line: ∆/ωα = 0.0001, Red
Line: ∆/ωα = 0.01, Olive Line: ∆/ωα = 0.05, Green Line:
∆/ωα = 0.1. Blue and Red lines coincide.
In figure 4, we plot the ratio of the two-photon ioniza-
tion probability for squeezed vacuum over coherent, as a
function of the mean photon number, again for different
values of the detuning from the intermediate resonance.
Although the overall behaviour of the ratios, as depicted
in those curves, appears similar to those of figure 3, an
important difference arises at small mean photon num-
bers, for which the ratio diverges. This is compatible
with the fact that at weak fields the process should de-
pend linearly on the second-order field correlation func-
tion, which in the case of a squeezed vacuum field is equal
to 〈n〉2
(
3 + 1〈n〉
)
. This result can be obtained by aver-
aging the second order correlation function of a field in a
Fock state, i.e. GFock2 = n(n− 1), over the squeezed vac-
uum photon probability distribution, given by equation
(46). The ratio of the squeezed vacuum over coherent
second-order correlation functions would then be equal
to 3 + 1〈n〉 , which apparently diverges when 〈n〉 → 0. Be
that as it may, a non-linear process, such as a two-photon
transition, becomes meaningless in the limit of zero in-
tensity.
In the strong field limit as expected, owing to satu-
ration, all curves approach unity, reaching that value at
approximately 〈n〉 ' 200. As in the case of chaotic field,
there is a broad region of intensities between the weak
field and the saturation limits, where the ratio drops be-
low unity. Therefore, in two-photon near-resonant ion-
ization, squeezed vacuum radiation is more effective than
coherent radiation only in the vicinity of small mean pho-
ton numbers. For the parameters used in the problem
at hand, in view of the relation between the mean pho-
ton number and the intensity shown above, the notion
of ”small mean photon numbers” correspond to field in-
tensities in the vicinity of I = 105W/cm2. Although
the loss of the enhancement due to chaotic radiation, in
a certain range of intensities, had been noted in earlier
work [16, 17], finding the same behavior for superbunched
squeezed radiation could not have been anticipated.
Before continuing with the rate equations’ results,
we need to clarify the issue regarding the possible effi-
ciency of squeezed vacuum radiation, in near-resonant
few-photon ionization. It is known that the N th-order
correlation function of a field in a strongly squeezed vac-
uum state is equal to (2N − 1)!!〈n〉N [35]. For N = 2 this
is equal to 3〈n〉2. One might be tempted to infer that
the strongly squeezed vacuum light is 3 times more effi-
cient than coherent light, in two-photon ionization. We
should, however, keep in mind that the notion of strongly
squeezed vacuum refers to a squeezed vacuum state with
a high squeezing parameter r and therefore a high mean
photon number, according to 〈n〉 = (sinh r)2 [36]. In fact,
the enhancement factor 3 can also be seen by considering
〈n〉  1 in the two-photon squeezed vacuum correlation
function GSqV ac2 = 〈n〉2
(
3 + 1〈n〉
)
. Due to the exponen-
tial character of the sinh r function, small changes of the
squeezing parameter are equivalent to large changes in
the mean photon number. For example an increase of r
from 1 to 2 is equivalent to an increase of the mean pho-
ton number from about 1.4 to 13.2. Therefore, in view
of the results of figure 4, we should not expect to observe
the (2N − 1)!! enhancement in near-resonant ionization,
due to the rapid approach to the saturation limit. In
others words, the (2N −1)!! enhancement requires inten-
sities in the range where the simple dependence of the
process on the N th-order intensity correlation function
has already become invalid near resonance. However,
the near-resonant process may be enhanced significantly,
if the atom is exposed to weak squeezed vacuum radia-
tion; assuming observability is feasible.
As discussed in the previous sections, apart from the
ionization probability using the time-dependent wave-
function, a transition probability (rate) can also be de-
rived with the help of the density matrix equations. A
sample of results is shown in figure 5, with parameters
identical to those of figure 3. The behaviour of the var-
ious curves of figure 5 is in overall agreement with the
respective behaviour of the curves of figure 3, reaching
eventually the value of unity. A difference can be no-
ticed, however, in that all curves, with the exception of
the blue one corresponding to detuning 0.0001 times the
frequency of the intermediate state, now will reach unity
at much higher mean photon numbers (〈n〉 ' 800), which
has been verified numerically, although not shown in the
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figure; a result that should be viewed with precaution.
Because, the derivation of the two-photon rate is based
on the assumption of a Rabi frequency not much larger
than the ionization rate Γ and/or the detuning from the
intermediate resonance. However, owing to the linear de-
pendence of the ionization rate on the photon number,
it increases much faster than the Rabi frequency, which
is proportional to the square root of the photon number.
Therefore, even if they are comparable for small mean
photon numbers, the necessary condition Ω < Γ can be
reached fairly quickly, as the intensity rises. However,
since the detuning is fixed, for large mean photon num-
bers the Rabi frequency will eventually become larger
than the detuning, with the validity of the rate approxi-
mation breaking down.
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FIG. 5. Ratio of chaotic over coherent 2-photon ionization
rate as a function of the mean photon number, for various
detunings from the intermediate resonance. The values of the
dipole matrix element and the cross section used are µ = σ =
0.0003 a.u. Blue Line: ∆/ωα = 0.0001, Red Line: ∆/ωα =
0.01, Olive Line: ∆/ωα = 0.05, Green Line: ∆/ωα = 0.1.
In figure 6, we present results on the ratio WSq-
Vac/Wcoh as a function of the mean photon number,
as obtained through the rate equations. Comparing the
results of this figure to those of Figure 4, we note that
now the ratio of the rates is more sensitive to detuning
than the ratio of the ionization probabilities. This is re-
flected in the startling difference between the blue and
red lines (which in figure 4 are indistinguishable), as well
as in the different behaviour of the green and olive lines,
with increasing intensity. Still, the overall trend of the
curves in the two figures is similar. We should point out
that owing to the specific form of equation (59), in aver-
aging over a photon probability distribution, the dipole
matrix element and the ionization cross section appear-
ing in the numerator of (59) are factored out and cancel
when the ratios are taken. This leads to ratios that de-
pend only on the detuning and the cross section appear-
ing in the denominator of (59). As a result, changes in
the dipole matrix element will not affect the ratio of the
rates. But since the derivation of the rate equations is
based on the approximation discussed above, the results
would be meaningful only when the intensities are such
that they conform to a Rabi frequency within the lim-
its of the approximation. It is very interesting to notice
that equation (59) within the limit ∆  σ2 (n − 1) re-
duces to the second-order correlation function of a field
in a number state, multiplied by the factor σµ
2
∆2 . This
suggests that the (2N − 1)!! enhancement of the two-
photon ionization under squeezed vacuum radiation, over
that under coherent, would appear when the above con-
dition is satisfied, according to the ratio of the respec-
tive correlation functions. But we must keep in mind
that the summations over a photon probability distribu-
tion includes photon numbers up to infinity. Even if the
high photon number terms enter with less weight, when
high mean photon numbers are considered, the condition
∆  σ2 (n − 1) would no longer be satisfied. This actu-
ally is another way to see why the simple proportionality
of an N-photon process to the field N th-order correlation
field will eventually break down with increasing intensity.
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FIG. 6. Ratio of squeezed vacuum over coherent 2-photon
ionization rate as a function of the mean photon number,
for various detunings from the intermediate resonance. The
values of the dipole matrix element and the cross section used
are µ = σ = 0.0003 a.u. Blue Line: ∆/ωα = 0.0001, Red
Line: ∆/ωα = 0.01, Olive Line: ∆/ωα = 0.05, Green Line:
∆/ωα = 0.1.
B. Three-photon Results and Discussion
In three-photon near-resonant ionization, there are
two intermediate states, which means a double near-
resonance is possible. In this work, we have chosen the
photon frequency so that the detuning ∆1  ωag, of the
first transition is sufficiently large, for the two-photon
transition to the second intermediate state to satisfy the
non-resonant condition, for all intensities employed in the
calculations. The reason is that we wanted to explore the
role of the non-linearity in the bound-bound transition, in
contrast to the two-photon case, where the bound-bound
transition depends linearly on the radiation. Thus we
have only one near-resonance state to study.
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FIG. 7. Ratio of chaotic over coherent 3-photon ionization
probability as a function of the mean photon number, for
various detunings from the second intermediate resonance.
The values of the dipole matrix elements and the cross section
used are µ1 = µ2 = 0.0004 a.u. and σ = 0.0008 a.u. Blue
Line: ∆2/ωb = 0.0001, Red Line: ∆2/ωb = 0.01, Olive Line:
∆2/ωb = 0.05, Green Line: ∆2/ωb = 0.1.
In direct analogy with the two-photon case, we a have
a Rabi frequency coupling the bound states and an ion-
ization cross section. For the results of figure 7, we have
chosen a cross section σ = 0.0008 a.u. two times higher
(expressed in atomic units) than the dipole matrix ele-
ments µ1, µ2 = 0.0004 a.u. of the transitions |g〉 ↔ |a〉
and |a〉 ↔ |b〉, respectively. At low intensities, the ratio
of chaotic over coherent ionization transition probabili-
ties is equal to 6, which is compatible with the expected
weak field N ! enhancement for N = 3, arising from the
ratios of the respective correlation functions. With in-
creasing intensity, the ratio drops below N! rather rapidly,
approaching unity, as expected. The approach to unity
turns out to be faster, as the photon frequency is tuned
closer to resonance with the second transition. In con-
trast to the two-photon case, the ratio does not drop
below unity, at any intensity. It appears that the non-
linearity in the two-photon Rabi frequency, in this case
is responsible for this behaviour. Recall that now, both
Rabi frequency and ionization rate have the same depen-
dence on intensity.
As in the two-photon case, the squeezed vacuum over
coherent ratio of ionization transition probabilities ex-
hibits a behaviour similar to that chaotic over coherent
ratio, with the exception of the divergence for weak fields,
noted also for two-photon ionization. Again, this is con-
nected to the form of the squeezed vacuum third-order
correlation function GSqV ac3 = 〈n〉3
(
15 + 9〈n〉
)
, which di-
verges in the vicinity of 〈n〉 = 0, when divided by the
coherent third order correlation function Gcoh3 = 〈n〉3.
For high mean photon numbers, the correlation func-
tion is equal to 15〈n〉3, capturing the (2N − 1)!! strongly
squeezed vacuum enhancement factor for N = 3. How-
ever, if tuned near-resonance, saturation is approached
much faster, with the observation of the expected en-
hancement being problematic.
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FIG. 8. Ratio of squeezed vacuum over coherent 3-photon ion-
ization probability as a function of the mean photon number,
for various detunings from the second intermediate resonance.
The values of the dipole matrix elements and the cross section
used are µ1 = µ2 = 0.0004 a.u. and σ = 0.0008 a.u. Blue
Line: ∆2/ωb = 0.0001, Red Line: ∆2/ωb = 0.01, Olive Line:
∆2/ωb = 0.05, Green Line: ∆2/ωb = 0.1.
In order to illustrate cases contrasting to the above re-
sults, in figures 8 and 9 we show the bahaviour for the
relatively large detuning of ∆2/ωb = 0.5 from two-photon
resonance. These results have been obtained through
the rate equations by taking averages of equation (69)
over the respective photon probability distributions. Al-
though a detuning of this magnitude may be a bit too
large, within the constrains of our model, let us neverthe-
less examine the dependence of ionization as a function
of intensity.
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FIG. 9. Ratio of chaotic over coherent 3-photon ionization
rate as a function of the mean photon number, for vari-
ous detunings from the second intermediate resonance. The
value of the cross section used is σ = 0.0003 a.u. Blue
Line: ∆2/ωb = 0.0001, Red Line: ∆2/ωb = 0.01, Olive Line:
∆2/ωb = 0.05, Green Line: ∆2/ωb = 0.5.
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FIG. 10. Ratio of squeezed vacuum over coherent 3-photon
ionization rate as a function of the mean photon number, for
various detunings from the second intermediate resonance.
The value of the cross section used is σ = 0.0003 a.u. Blue
Line: ∆2/ωb = 0.0001, Red Line: ∆2/ωb = 0.01, Olive Line:
∆2/ωb = 0.05, Green Line: ∆2/ωb = 0.5.
For σ = 0.0003 a.u. corresponding approximately to
a cross section about 10−20cm2, the ratios tend to sta-
bilize to values with the enhancements factors 6 and 15,
reflecting the chaotic and squeezed vacuum correlation
functions, respectively. Eventually, even the off-resonant
curves will fall to unity but much more slowly than the
near-resonant ones. As in the two-photon case, the spe-
cific form of the three-photon ionization rate (69), im-
plies that the ratios will only depend on σ and ∆2. The
effective two-photon dipole matrix element µ(2) doesn’t
appear in the ratios, but has to be such that it does not
invalidate the rate approximation. If the cross section
σ is chosen, for example, one order of magnitude larger
than 0.0003 a.u., even the green curves approach unity
very rapidly. But for cross sections smaller than 0.0003
a.u. the ratios do indeed stabilize to the theoretical en-
hancement factors for a broad range of intensities, in the
non-resonant limit. Since the values of parameters we
have chosen in the above illustrations are not unphysical,
the message that emerges is that the conditions satisfy-
ing the non-resonant assumption are quite sensitive to
the interplay between intensity and parameters.
VI. CONCLUSION AND CLOSING REMARKS
N-photon transition from a bound state to a contin-
uum, such as ionization, involves summation over inter-
mediate states. As long as it may be justified to assume
that all of them are ”sufficiently” far from resonance with
the absorption of one or more photons, a transition prob-
ability proportional to the Nth order intensity correlation
function is meaningful. Theoretically, the matter stops
there, as has been the case with much of the related liter-
ature [1–6, 19, 26]. Given, however, that any non-linear
process is observable, only if the intensity is sufficiently
strong, the non-resonant condition cannot be taken for
granted; beyond a theoretical academic exercise or at
best poof of principle.
Two or three-photon process should be optimal for
non-resonant ionization, as it may be possible to select
the photon frequency so as to satisfy the non-resonant
requirement, up to some intensity enabling observability.
For four or higher order processes, it is practically impos-
sible to avoid near resonance with intermediate states,
because with increasing energy their spacing becomes
progressively denser. As we have shown in this paper,
however, even for two and three photon ionization, it is
only at quite low intensity that the condition of non-
resonance can be taken for granted. As a consequence,
the enhancement expected for chaotic or squeezed radia-
tion will more often than not be smaller than predicted
on the basis of the relevant intensity correlation func-
tion. This may well be the reason that, over the 50 years
or so that have elapsed since the first predictions of the
chaotic enhancement [1–6], even for two-photon ioniza-
tion a definitive enhancement by the expected factor of
2, has been very difficult to observe; let alone for order
three or higher. There is of course always the nagging
issue of whether the radiation is truly chaotic or truly
coherent [10–12], which in the light of our results poses a
dilemma. On the one hand, an N-photon process would
be an ideal tool for the measurement of an Nth order in-
tensity correlation function. On the other hand, the pos-
sible influence of intermediate near-resonances are apt to
be misleading as to the underlying reason for departure
from the expected enhancement factor. It seems to us
that, given the specific atomic system employed in an
experiment, only the quantitative evaluation of the role
of intermediate states can offer a way out of the dilemma.
The very recent achievement in measuring the en-
hancement in harmonic generation, due to superbunched
squeezed radiation reported by Kirill et al. [31], appears
to be in contrast to the above dilemma. Actually, for
two reasons, the contrast may be only apparent. First,
owing to the long wavelength of the radiation in that
experiment, the few-photon absorption was within the
bound spectrum, satisfying the non-resonant condition.
Second, the intensity was quite low; too low to induce
a Rabi frequency comparable to the detuning. And the
observation of up to the 4th harmonic, at such low in-
tensity, attests to the elegance of that experiment. It
could therefore be argued that there is no contradiction
with our results, as they address a different range of in-
tensities. But even in harmonic generation, at shorter
wavelengths, reaching into the continuum [37], the issue
of intermediate states is of extreme importance. Hoping
that it will eventually be possible to explore the effect of
superbunching on non-linear processes at shorter wave-
lengths and higher intensities, our results can serve as a
guide to the planning of relevant experiments.
Departing for the moment from transitions to a con-
tinuum, the effect of superbunching on a strongly driven
2-photon bound-bound transition, an extension of its
single-photon counterpart solved quite some time ago by
13
Ritsch and Zoller [28, 29], poses a daunting theoretical
challenge. In early work [16, 17], it has been found that,
in contrast to bound-continuum transitions, chaotic radi-
ation is less effective than coherent in saturating a two-
photon bound-bound transition. Would superbunched
squeezed radiation be even less effective in that situa-
tion? It may well be that squeezed light at wavelengths
and intensities appropriate for the strong driving of a
bound-bound two-photon transition may be available not
too long from now.
Finally, aside from using multiphoton ionization as a
”detector” of an intensity correlation function, from the
standpoint of enhancing the process induced by bunched
radiation, the exact factor of enhancement may not be as
important, especially for higher order processes. On that
aspect, the results by Lecompte et al, quite some time ago
[15], may well be the most dramatic example on record,
in which and in line with our analysis the enhancement
was not exactly 11!. Still, it was less than two orders of
magnitude lower. The enhancement of multiphoton ion-
ization under chaotic radiation has re-emerged during the
last ten years or so, for systems driven by FEL sources
which are known to exhibit strong intensity fluctuations,
similar to those of chaotic radiation [38, and references
therein]. The theoretical problem, using realistic simula-
tion of the FEL radiation, has been addressed to some
extent [39]. Given that in several experiments, fairly high
order ionization processes have been observed [39, and
references therein], the intensity fluctuations must surely
have played a very significant role. Up to this point,
however, there has not been any systematic investigation
aiming at the quantification of the effect on experimental
data.
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Appendix A: Two- and Three- Photon Ionization
Resolvent Operator Formalism
In this appendix we present the procedure by which
the two- and three-photon ionization probability can be
obtained in terms of the resolvent operator.
The resolvent operator is defined via G(z) ≡ (z−H)−1,
where H is the system Hamiltonian. For two-photon ion-
ization (section III) the equations of motion of the rela-
tive resolvent operator matrix elements are:
(z − ωI)GII = 1 + VIAGAI (A1)
(z − ωA)GAI = VAIGII +
∑
F
VAFGFI (A2)
(z − ωF )GFI = VFAGAI (A3)
We could have taken into account that the intermedi-
ate state has a spontaneous decay rate γa by making the
substitution ωA → ω˜A = ωA − iγa, however such a sub-
stitution does not account for the repopulation of |g〉. In
fact the only way to properly describe the spontaneous
decay of excited states is via a theoretical formulation
in terms of the density operator. Therefore, in this ap-
proach, we neglect the spontaneous decay in the sense
that is negligible compared to the ionization rate for the
combination of parameters considered in our problem.
Solving equation (A3) for GFI and substituting back
to equation (A2), yields:(
z − ωA −
∑
F
|VFA|2
(z − ωF )
)
GAI = VAIGII (A4)
If the continuum of states is smooth, z can be replaced
by ωA in the denominator of
|VFA|2
(z−ωF ) , in the sense that
this term is a slowly varying function of z and its value is
significant only for z ' ωA . After some standard algebra
[20, 21] one finds that the sum over all final states is
reduced to a complex number whose real and imaginary
part represent the shift and the width of state |a〉 due to
its coupling with the continuum, respectively. For sake
of simplicity we neglect the effect of the shift and focus
on the width introduced, which is related to the coupling
of the discrete state to the continuum via:
ΓA = 2pi|VFA|2 (A5)
In view of the above, the system of equations can be
written as
(z − ωI)GII = 1 + VIAGAI (A6)
(z − ωA + iΓA)GAI = VAIGII (A7)
(z − ωF )GFI = VFAGAI (A8)
whose solution is
GII =
z − ωA + iΓA
(z − ωI)(z − ωA + iΓA)− |VAI |2
(A9)
GAI =
VAI
(z − ωI)(z − ωA + iΓA)− |VAI |2
(A10)
GFI =
VFAVAI
(z − ωF )
[
(z − ωI)(z − ωA + iΓA)− |VAI |2
]
(A11)
The denominator in equation can be factorized as follows,
(z−ωI)(z−ωA+ iΓA)−|VAI |2 = (z−z1)(z−z2) (A12)
with
z1,2 =
1
2
[
(ωI + ωA − iΓA)± [(∆ + iΓA)2 + 4|VAI |2]1/2
]
(A13)
Therefore GFI can be written as
GFI =
VFAVAI
(z − ωF )(z − z1)(z − z2) (A14)
The matrix elements Uij(t) of the time evolution operator
are related to the respective resolvent operator’s matrix
elements via
Uij(t) = − 1
2pii
∫ +∞
−∞
e−ixtGij(x+)dx (A15)
where x+ = x+ iη, with η → 0+.
In view of equation (A15), it is easy to show that the
matrix element of the time evolution operator between
the initial and final state of the system is:
UFI(t) = VFAVAI
[
exp(−iωF t)
(ωF − z1)(ωF − z2)+
+
exp(−iz1t)
(z1 − ωF )(z1 − z2) +
exp(−iz2t)
(z2 − ωF )(z2 − z1)
]
(A16)
Similar expressions can also be found for UAI(t) and
UII(t) using the same procedure. The probability of ion-
ization at times t > 0 is
Pion(t) =
∫
dωF |UFI(t)|2 = 1− |UAI(t)|2 − |UII(t)|2
(A17)
In the case of three-photon ionization (section IV) the
equations of motion of the resolvent operator’s matrix
elements are four, but using the same procedure as de-
scribed before, the elimination of the continuum leads to
the following set of equations:
(z − ωI)GII = 1 + VIAGAI (A18)
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(z − ωA)GAI = VAIGII + VABGBI (A19)
(z − ω˜B)GBI = VBAGAI (A20)
where ω˜B = ωB − iΓb and Γb the ionization width. Note
that the spontaneous decay of the intermediate states
have been neglected.
Solving for GBI one gets,
GBI =
VBAVAI
(z − ω˜B)(z − ωA)(z − ωI)− |VAI |2(z − ω˜B)− |VBA|2(z − ωI)
(A21)
If z1, z2, z3 are the three roots of the denominator,
(z − z1)(z − z2)(z − z3) ≡ (z − ω˜B)(z − ωA)(z − ωI)− |VAI |2(z − ω˜B)− |VBA|2(z − ωI) (A22)
we can express GBI as
GBI =
VBAVAI
(z − z1)(z − z2)(z − z3) (A23)
Inversion of resolvent transformation using eqn. (62) leads to the transition amplitude
UBI(t) = VBAVAI
[
e−iz1t
(z1 − z2)(z1 − z3) +
e−iz2t
(z2 − z1)(z2 − z3) +
e−iz3t
(z3 − z1)(z3 − z2)
]
(A24)
The same procedure leads to the corresponding expres-
sions for the amplitudes UAI(t) and UII(t). The proba-
bility of ionization at times t > 0, is given by
Pion(t) = 1− |UII(t)|2 − |UAI(t)|2 − |UBI(t)|2 (A25)
